Abstract A parametric model for capacity curves and capacity spectra is proposed. The capacity curve is considered to be composed of a linear part and a nonlinear part. The normalized nonlinear part is modelled by means of a cumulative lognormal function. Instead, the cumulative Beta function can be used. Moreover, this new conceptualization of the capacity curves allows defining stiffness and energy functions relative to the total energy loss and stiffness degradation at the ultimate capacity point. Based on these functions, a new damage index is proposed and it is shown that this index, obtained from nonlinear static analysis, is compatible with the Park and Ang index obtained from dynamic analysis. This capacity based damage index allows setting up a fragility model. Specific reinforced concrete buildings are used to illustrate the adequacy of the capacity, damage and fragility models. The usefulness of the models here proposed is highlighted showing how the parametric model is representative for a family of capacity curves having the same normalized nonlinear part and how important variables can be tabulated as empirical functions of the two main parameters defining the capacity model. The availability of this new mathematical model may be a powerful tool for current earthquake engineering research, especially in seismic risk assessments at regional scale and in probabilistic approaches where massive computations are needed.
Introduction
The capacity spectrum method, CSM (Freeman 1998a, b ) is a fundamental tool for performance based design (PBD) (SEAOC 1995) and for estimating the expected seismic damage in existing buildings. This method allows estimating, in a simplified and straightforward way, the displacement that a given earthquake, defined by its 5 % damped response spectrum, would produce on a given building, defined by its capacity curve. Furthermore capacity spectra are used to define fragility curves allowing quantifying the expected seismic damage and risk. The capacity curve quantifies the strength of the building to lateral forces and represents the base shear as a function of the roof displacement. This curve is usually obtained from nonlinear static analysis, also known as pushover analysis. The response spectrum of a seismic action, defines the spectral acceleration as a function of the period. The acceleration-displacement format of the capacity curve is called capacity spectrum or capacity diagram (Chopra and Goel 1999) . The inelastic response spectrum, also in the acceleration-displacement format is known as demand spectrum. Crossing capacity and demand spectra leads to an easy computation of the performance point which defines the spectral displacement that the earthquake will produce in the building. The relationships to calculate the capacity spectrum starting from the capacity curve and the procedures to obtain the performance point are well described in the report ATC-40 (ATC 1996) . The spectral displacement of the performance point allows checking design requirements and expected performance levels. For damage assessment of existing buildings, this spectral displacement allows to evaluate the expected damage that the building would suffer when submitted to the earthquake. PBD has been well described by Sawyer (1964) and by Bertero (1996 Bertero ( , 1997 Bertero ( , 2000 . Concerning to seismic risk assessment several approaches based on the CSM can be found in Pujades et al. (2012) , Lantada et al. (2009) , Barbat et al. (2008) , Lagomarsino and Giovinazzi (2006) and FEMA (2002) . Further developments and applications of the CSM can be found in Fajfar (1999) , Chopra and Goel (1999) , Fajfar and Gaspersic (1996) and Freeman et al. (1975) . A review of the development of the CSM can be found in Freeman (2004) . Figure 1 shows the capacity curve and the capacity spectrum of a seven stories reinforced concrete building. This building was analysed in detail by Vargas-Alzate et al. (2013a) . An elastoplastic model was assumed to model the nonlinear behaviour of the materials in the pushover analysis. Table 1 shows the weights and normalized modal participation factors used to transform the capacity curve into the capacity spectrum. The bilinear form of the capacity spectrum is also shown in this figure. The bilinear capacity spectrum is widely used in the CSM (see for instance Freeman 1998a 
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Fig. 1
Capacity spectrum and capacity curve (right and top axes) for a seven storey reinforced concrete building. The bilinear form of the capacity spectrum is also shown ATC 1996) and is usually defined by two straight lines fulfilling the following conditions: (1) the first line is Sa = ω 2 Sd, being Sa the spectral acceleration,Sd the spectral displacement and ω the fundamental frequency of the building; for capacity curves, this line is F = K δ, where F is the base shear, δ is the roof displacement and K is the initial stiffness; (2) the second line goes through the ultimate capacity point and (3) the areas below the capacity spectrum and the bilinear capacity form are the same (energy condition). So, this bilinear capacity spectrum is defined by the effective yielding point, (Dy, Ay)=(11.7 cm, 0.25 g), and the effective inelastic limit or ultimate capacity point, (Du, Au) = (19.5 cm, 0.26 g). These two points are well described in Freeman (1998a) . Conditions 2 and 3 must be fulfilled in any case. Sometimes, as for instance when an elastoplastic model is assumed for the bilinear capacity spectrum, the slope of the first branch of the bilinear capacity spectrum can be lower than the one corresponding to the fundamental period of the building. The ultimate capacity point was initially defined (Freeman 2004) as the base shear causing the most flexible lateral force resisting elements to yield after the more rigid elements yielded or failed and it is usually defined by the displacement for which a collapse mechanism has been produced so that the strength of the structure has been exhausted. This paper proposes a model that re-conceptualizes capacity curves in the context of the CSM. The core of the model lies into the separation of the linear and nonlinear behaviors of the structures when submitted to lateral loads. It is explicitly shown that the normalized nonlinear part fully represents the degradation of the building from sound to collapse states for a family of structures and that this can be represented by only two parameters. Based on this reconceptualization, a new damage model is then proposed. The damage model allows separating the contributions to damage of stiffness degradation and that of energy loss resulting in a new damage index. This index is analyzed and compared with other indices widely used for seismic damage and risk assessment. Finally several of the advantages of the models in the current earthquake engineering practice are highlighted and discussed.
Capacity model
This section is devoted to describe the parametric model for capacity curves. In a first step the capacity curve is analysed and separated into two functions, linear and nonlinear, composing the true capacity curve. The derivatives of these two functions are also fundamental for the formulation of the model. Afterwards the model itself is formulated and, finally, it is shown how the true capacity curve can be reconstructed from five parameters.
Anatomy of the capacity curve
Capacity curves can be considered composed of a linear part and a nonlinear part. The linear part would be the capacity curve assuming that the building has a linear and elastic behaviour and it is represented by a straight line whose slope is defined by the period of the fundamental 
where δ is the roof displacement, F(δ) is the true pushover curve and F L (δ) = m δ is its linear part being m the slope of the first leg of the capacity curve that is linked to the fundamental period of the building. Figure 2a shows the capacity curve F(δ) of Fig. 1 and its linear and nonlinear parts; Fig. 2b shows the corresponding derivatives:
In this case m is 43.15 kN/cm and circle markers indicate the beginning of the nonlinear behaviour of the structure. The value of the displacement at this point is δ = 10.1 cm. From Eq. (1) it follows that the function d F N L (δ)/dδ fulfils the following equation:
The first derivative of the capacity curve and indeed that one of the nonlinear part, (see Fig. 2b ) allow observing the progressive degradation of the structure. The model here proposed is based on the fit of the normalized nonlinear part of the capacity curve and, therefore, the same model is valid for both capacity curves and capacity spectra. Another advantage of the model lies in its ability to simultaneously fitting both the capacity curve and their first and second derivatives. The derivatives are related to the tangent stiffness and to the progressive degradation of the strength of the structure.
Parameters of the capacity model
The first step to fit a parametric model is the normalization of the nonlinear part of the capacity curve and its first derivative. The model assumes that the normalized first derivative of the nonlinear part is well represented by a cumulative lognormal function as defined in Eqs. (4) and (5). That is, the scaled first derivative, , and the derivative of this, , satisfy the following equations:
A and B, are scaling constants. The following equation defines these constants.
Where m is the slope at the beginning of the capacity curve, or equivalently, the slope of the linear part of the capacity curve and m * is the slope at the end of the capacity curve. Observe that m and m * also are respectively the maximum and minimum values of the first derivative of the capacity curve (grey colour curve in Fig. 2b) ; m = 43.19 kN/cm, m * = 1.12kN/cm, A = 27.54 cm and B = 42.07 kN/cm in this case. Thus, the scaled first derivative is defined for normalized displacements, δ N = Aδ, taking values between zero and one and ranging also between zero and one the values of this function.
(Aδ) is the standard lognormal distribution function defined by the parameters μ and σ . A least squares fit between the target and computed, F N L (Aδ), functions allows to determine the two parameters of the model. Instead of the lognormal function, the cumulative Beta function can be used. In this case, Eq. (4) is substituted by the following equation:
being
For random variables defined by a lognormal probability density function as defined in Eq. (4), or with a Beta probability density function as defined in Eq. (8), the mean, M L , and variance V L , or M B and V B respectively, are functions of the parameters of the lognormal distribution (μ, σ) or of the Beta distribution (λ, ν). To avoid confusion with other more standard definitions of the lognormal distribution, where the first parameter of the distribution is defined as μ = ln(μ) (see for instance Limpert et al. 2001) , the equations used to infer mean and variance values are reproduced herein.
The model of Eq. (4), with ln(μ) instead of μ , has been preferred because now μ is close to M L and can be estimated approximately from the normalized first derivative of the non-linear part of the capacity curve, thus allowing constraining the variability of the μ parameter in the search by the least squares fit procedure. The same election was taken in the Risk-UE project to model fragility curves (Milutinovic and Trendafiloski 2003) . Moreover, as it can be seen in Table 2 , this choice also leads to comparable mean values and variances of the fitted lognormal and Beta distributions. Table 2 shows the parameters of the fit. In this table μ and σ are the parameters of the lognormal function as defined in Eq. (4); λ and ν are the parameters defining the Beta function. M L and V L , and M B and V B are the mean values and variances of the distribution functions, for the lognormal and Beta cases respectively. Figure 3 summarizes the results of the fit. The capacity curve, the linear part and the nonlinear part, together with their first and second derivatives, are shown. Table 2 Parameters of the models fitting the capacity curve of Fig. 2 Lognormal Beta The parametric model has been tested with a significant number of capacity curves and capacity spectra, with excellent results in all the cases. The errors have been comparable to those obtained in the example presented here. Similar results are obtained when using lognormal and Beta functions. So, either of the two can be used. Probably these adequate fits are due to the fact that the model matches well the physical processes involved in the structural degradation. In this article the lognormal function has been preferred because it is widely used in many problems in earthquake engineering (ATC 1985 (ATC , 1991 FEMA 2002; Lagomarsino and Giovinazzi 2006; Barbat et al. 2008; Pujades et al. 2012) and because the interpretation of the model parameters is more direct. However, the fact that the lognormal function has an asymptotic trend, while the non-linear part of the capacity curve is limited to δmax and normalized at this point, the Beta function would be more appropriate because is defined in the limited domain.
Summary of the fitting procedure
The steps followed for the adjustment of the capacity curve of Fig. 3 are summarized here. (i) The first derivative of the capacity curve is calculated and the slope, m = 43.15 kN/cm, that defines the linear part of the capacity curve is inferred. Considering that in the linear part of the capacity spectrum, Sa = ω 2 Sd = m cs Sd, being ω the angular frequency of the fundamental mode of vibration of the building, the slope m cs of the linear part of the capacity spectrum, can be also obtained from the fundamental period of the building, assuming that the proper units are used, for instance, cm/s 2 and cm respectively for Sa and Sd; m cs = 20.96 s −2 in this case. When the capacity curve is used, the factors converting the capacity curve to capacity spectrum allow calculating m from m cs . (ii) The nonlinear part of the capacity curve is obtained (see Eq. (1), Fig. 2 ). (iii) Abscissae and ordinates are scaled dividing by their maximum values, which in this case are 27.54 cm for abscissae and 441.61 kN for ordinates. (iv) Optionally, the derivative of the nonlinear part of the capacity curve (see Fig. 3 ) can be also calculated and normalized; in fact, this step gives an idea of the approximate parameters of the lognormal function of the parametric model, thus allowing constraining the search range of the parameters. (v) For each pair of parameters, (μ, σ ), the function defined in Eq. (6) is obtained by using Eq. (4); this function is also normalized on abscissae and ordinates; a least squares fit between the curve so calculated and the curve found in step iii), provides the best parameter pair of the fit. In the example of Fig. 3 , μ has been varied between 0.46 and 0.72, with a resolution of 0.005 units and σ between 0.01 and 2, with a resolution value of 0.01; the final values of the fits are shown in Table 2 . (vi) Equations (1-6) allow the reconstruction of all the functions involved, simply undoing the normalizations made. Figure 3 shows the results of the implementation of these 6 steps. The results using Lognormal and Beta functions are displayed. The differences between the target curve and the parametric curve are also shown in this figure, giving a precise idea of the goodness of the fits. An additional advantage of the model is its ability to represent well not only the target curve but also its successive derivatives. Taking into account that a simple scaling allows converting capacity curves into capacity spectra and, given the normalizations involved in the fitting method, it is important to outline that the same model holds for capacity curves and capacity spectra. As the case presented here shows a clearly defined linear portion, yielding point and hardening slope, a capacity curve showing neither clear linear portion nor yielding point and exhibiting negative stiffness (softening) after the post-peak response will be analyzed below.
Synthesis of the capacity spectrum
In addition to μ and σ , capacity spectra also depend on the following parameters: (1) the slope m of the linear part; (2) the ultimate spectral displacement, Sd u ; and (3) the spectral acceleration, Sa u , of the ultimate capacity point. Therefore, a capacity curve is entirely defined by the following five independent parameters: μ, σ , m, Sd u and Sa u . Consequently, families of capacity spectra have the same lognormal or Beta model. The construction of these curves is simple and straightforward undoing the steps explained above (see . Figure 4 shows an example of reconstruction of a capacity spectrum from these 5 parameters. The numerical values of the parameters are also shown in this figure. As pointed out above, the initial stiffness m and the fundamental period of the building are directly related. Therefore it may be more intuitive to use the fundamental period, instead than m, as one of the five independent parameters.
Damage model
In this section a new damage model is proposed. The model is based on stiffness degradation and energy dissipation relative to the residual stiffness and total energy at the ultimate capacity point. A reinforced concrete building is used to illustrate the practical computation of the model. Incremental dynamic analysis is performed to obtain the damage index. Then, the new damage index is calculated and calibrated so that it is equivalent to the Park and Ang index. This new damage index is obtained from the capacity curve by means of simple and straightforward calculations.
Definition of the new damage index
Cosenza and Manfredi (2000) review the ground motion parameters that, directly or indirectly, can be linked to structural and non-structural damage. They consider parameters related to the acceleration time histories, to the response spectra and to the step-by-step dynamic analysis. propose an index to assess the expected structural seismic damage in reinforced concrete buildings (see also Park 1984) . Buildings are weakened and damaged due to two combined effects: (1) large displacements caused by their response to large stresses and (2) cyclic drifts in response to cyclic strains. Consequently, Park and Ang claim that the assessment of damage must consider not only the maximum structural response but also repeated cyclic loads typical of seismic actions, mainly depending on their duration. The Park and Ang index is widely used and it can be defined by Eq. (10) or, equivalently, by Eq. (11).
δ is the maximum deformation of the building under the earthquake motion, δ u is the ultimate deformation under monotonic loads and Q y is the strength at the yielding point. If the strength, Q u , at the ultimate point, δ u , is lower than Q y , then Q y is substituted by Q u . Ec(ξ ) is the hysteretic energy dissipated in each cycle of load at the deformation ξ , d E is the incremental hysteretic energy absorbed; α and β are non-negative parameters.
In the elastic response range, theoretically, the value of D I P A is null, but its effective calculus through Eqs. (10) or (11) may result in positive negligible values. D I P A ≥ 1 implies total damage or collapse. Thus, the structural damage is a function of the deformation and of the energy dissipated. Both quantities depend on the load history, while the parameters α, β, δ u , Q u and Ec(ξ ) are independent of the load history. Equation (11) takes into account the effects of cyclic loads at different levels of deformation, while in Eq. (10) it is assumed that this effect is uniform and the same at all deformations. So, D I P A can be defined by a linear combination of the maximum displacement of response and dissipated energy. Indeed, Williamson and Kaewkulchai (2004) define D I P A , in a simplified way, by means of the following equation:
α and β are constants, U (δ) is a function that depends on the maximum deformation reached and W (δ) is a function that depends on the energy dissipated. α and β can be adjusted to take into account different ratios of damage accumulation, thus representing a wide variety of response models proposed in the literature (Williamson 2003) . Coming back to the capacity curve, we have seen how the information of the structural degradation is in its nonlinear part. In relative terms, that is, as a fraction of the total degradation in the ultimate deformation, this information is also well represented by two functions that depend only on the nonlinear part of the capacity curve, once abscissae and ordinates have been normalized. These two functions are defined next. Let's call E(δ) and K (δ) functions respectively related to energy dissipation and stiffness degradation.
E(δ) is easily obtained from the integration of the nonlinear part of the capacity curve; that is:
is the nonlinear part of the capacity curve and has dimensions of force; δ and ξ are displacements; thus, E(δ) has dimensions of energy and is related to the energy dissipated by the structure when it reaches a displacement δ. It is worth noting that even though E(δ) has dimensions of energy, it is not directly related to the cyclic hysteretic dissipation, as it is implicit in the Park and Ang index as defined in Eqs. (10-12). We will see that it is more general and useful to work with the function normalized in abscissae and in ordinates. The following equation defines this normalized function E N (δ N ):
E N (δ N ) is the ratio between the energy dissipated as a function of the relative displacement, δ N = δ/δ u , and the total energy that the structure has dissipated at the ultimate displacement
The second function is related to stiffness and is defined by the following equation:
is the secant stiffness and also can be transformed into another one varying between 0 and 1 and depending only on the nonlinear part. Actually, considering that the linear part is defined as F L (δ) = mδ and that and using normalized displacements:
is defined by the ratio between the stiffness variation with respect to the maximum, and the total variation of stiffness. As the stiffness tends to decrease with increasing displacement, K N (δ N ), increases with the displacement so that is zero in the linear range and is one at δ N = 1, that is at δ = δ u . Since, according to Eq. (12), D I P A is a linear combination of a function that depends on the displacement and a function that depends on the energy, the following new damage index, D I CC (δ N ), is defined:
where
Thus, D I P A can be used to calibrate the value of the parameter a. This new damage index is called from now, capacity curve damage index,
can be calculated in a very simple way, both from the capacity curve and from the capacity spectrum and, if the parametric model proposed above is available, these curves are also fully determined by the lognormal or Beta functions of the capacity model. A practical example of the computation and calibration of D I CC is shown in the following.
Computation and calibration of the capacity curve damage index
The structure used for illustrating the practical computation of the damage model is a reinforced concrete building with four stories and frames with three spans. This building was designed specifically for this work and it was also used in Vargas-Alzate (2013) to check several techniques for calculating the seismic performance as well as various methods of damage assessment. The main geometrical characteristics and the structural model are shown in Fig. 5a . Due to its symmetry, the building is modeled as the two-dimension frame shown in Fig. 5b . The characteristics of beams and columns are given in Table 3 . Table 3 Characteristics of the structural model of Fig. 5 b, h and ρ are length, width and amount of steel of the cross-section of the structural element respectively Storey Columns Beams The constitutive model used for beams and columns follows an elastoplastic hysteresis rule with 5 % hardening. Yielding surfaces are defined by the bending-compression interaction diagram for columns and by the moment-curvature for beams.
The nonlinear behavior of the materials was considered by using the Takeda modified hysteretic rule (Otani 1974) . To construct the damping matrix, the Rayleigh method was used. The loads were applied following the recommendations of Eurocode 2 for concrete structures (BS EN 2005) . The parametric model was applied to the pushover curve of the building. Due to the normalizations involved in the fitting procedures, the model parameters are the same for the capacity curve and for the capacity spectrum. Figure 6 shows the capacity spectrum and the yielding point. The first and second derivatives of the capacity spectrum are also shown in this figure.
The curves modeled by means of the lognormal function are also plotted. A good fit also has been obtained with the Beta function. The errors are always lower than 2 % for the lognormal fit. Table 4 shows the parameters of the lognormal and Beta functions. Table 4 Parameters of the lognormal and Beta models for the capacity curve of Fig. 6 Lognormal Beta The mean value and the variance of both distributions are also shown Table 5 Yielding (Sdy,Say) and ultimate (Sdu,Sau) capacity points of the capacity spectrum of Fig. 6 Sdy f it (cm) The yielding point defining the bilinear capacity spectrum was calculated by using the actual and the fitted spectrum. Virtually the same point was obtained. Table 5 shows the yielding and the ultimate capacity points corresponding to the fitted spectrum, along with the slope and the period defining the linear part.
The Park and Ang index for this building was estimated by means of incremental dynamic analysis (Vamvatsikos and Cornell 2001) . The Ruaumoko program (Carr 2000) was used to carry out the dynamic analyses. The seismic action was defined by means of an actual accelerogram whose response spectrum is compatible with the response spectrum provided by the Eurocode 8 (CEN 2004) for great earthquakes (type 1, M S > 5.5) and soft soil (soil class D).This spectrum is called herein as EC8 1D. The accelerogram was selected from the European strong motion database (Ambraseys et al. 2002 (Ambraseys et al. , 2004 according to the procedure described in Vargas-Alzate et al. (2013b) and it corresponds to the Friuli earthquake (06/May/1976, M w = 6.6, depth = 6 km) as recorded at an epicentral distance of 48 km. Figure 7 shows the accelerogram normalized at a Peak Ground Acceleration (PGA) of 1 g. In this figure, the Fourier amplitude spectrum and the 5 % damped elastic response spectrum are also shown. For comparison purposes, the EC8 1D spectrum, together with the response spectrum of the accelerogram and the fundamental period of the building, is also shown in Fig. 7d .
Incremental dynamic analysis was performed scaling this accelerogram for PGA values between 0.01 and 0.9 g, with 0.01 g intervals. Figure 8a shows the D I P A , the capacity curve and its bilinear form. Figure 8b shows the relationship obtained between PGA and the maximum displacement at the roof of the building, δ. In these two figures, the thresholds of the damage states adopted in the Risk-UE project (Barbat et al. 2006a, b; Lagomarsino and Giovinazzi 2006) are also depicted. These damage states and thresholds are described below in the following section devoted to the fragility model. 
Fragility model
To assess the seismic expected damage, mechanical methods (Giovinazzi 2005; Lagomarsino and Giovinazzi 2006) usually consider four non-null damage states: (1) Slight, (2) Moderate, (3) Severe and (4) Complete. It is important to note that the Complete damage state has been incorrectly identified at times as the state of Collapse. Actually, this damage state comes from the union of the Extensive and Collapse damage states as defined, for instance, in the European macroseismic scale (Grünthal 1998) ; to see how these damage states are used in practical applications see also Lantada et al. (2010) . So, the Complete damage state here strictly means Irreparable Damage, that is, the condition of the building holding this damage state, makes it more expensive to repair than to demolish and rebuild. For each damage state, the corresponding fragility curve defines the probability of exceeding the damage state as a function of the spectral displacement.
The risk-UE model
In this section, the method for determining the damage states thresholds and the fragility curves as proposed in the Risk-UE project (Milutinovic and Trendafiloski 2003) is analyzed and discussed. This method has been used to assess the seismic damage and risk in European cities (see for instance Lantada et al. 2009; Pujades et al. 2012 ). Lagomarsino and Giovinazzi (2006) propose a simple technique that allows obtaining the four fragility curves from the bilinear capacity spectrum through the following assumptions: (1) for each damage state, k, the corresponding fragility curve follows a lognormal cumulative distribution defined by the parameters μ k and β k ; consequently the value of the fragility curve at μ k is 0.5; (2) the damage is distributed according to a binomial probability distribution and (3) μ k thresholds are defined from the bilinear capacity spectrum according to the following equations:
and, using the normalized form by dividing this equation by Du, leads to:
Assumption 2 is based on damage observed in real earthquakes (Grünthal 1998) and it allows determining the damage states probabilities at each damage state threshold; assumption 3 is based on expert opinion. Besides, assumptions (2) and (3) allow obtaining the values of the four fragility curves at each damage state threshold, μ k or μ N k ; finally a least squares fit allows obtaining the corresponding β N k . The details of the construction of fragility curves are well explained in Lantada et al. (2009) and in Pujades et al. (2012) . Figure 10 shows the fragility curves corresponding to the capacity spectrum of Fig. 8a , but using normalized values. The points used for the least squares fits are also shown in this figure. The parameters of the fragility curves are shown in Table 6 . Once the fragility curves, F k (Sd), k = 1, . . . , 4, are known, for each spectral displacement, Sd, damage states histograms, P j (Sd), define the probability of the damage state j. Equation (22) shows how these probabilities are obtained from fragility curves: 
D(Sd) takes values between 0 (no damage) and 4 (Complete damage state); M DS(Sd)
is obtained by dividing the mean damage state by the number of non-null damage states, namely by 4 in this case. M DS(Sd) takes values between zero (no damage) and 1 (Complete damage state). In turn, this normalized mean damage state is the parameter of the binomial distribution that defines the probabilities P i (Sd), i = 0, . . . , 4, so that unambiguously determines the damage states histograms and, by using Eq. (22), the fragility curves. For easier comparison with the following developments, normalized spectra, normalized fragility curves and normalized mean damage states will be used from now. Figure 10 shows the obtained fragility curves, F j (Sd N ), and the normalized mean damage state, M DS as a function of the normalized spectral displacement Sd N The correlation between the Park and Ang damage index, D I P A, and the Risk UE based mean damage state, MDS in Fig. 10 , must be tackled carefully because their senses are different. Obviously both are related to damage but MDS has a statistical meaning while D I P A must be interpreted as a physical pointer. Risk-UE based thresholds are defined by those displacements for which the probability of exceeding the corresponding damage state is 50 % and its simplified definition from capacity curve is based on expert opinion. In turn, no doubt, the expert opinion is based on the progressive degradation of the bearing capacity of the building. This delicate discussion will be resumed below. Table 6 shows the parameters of the fragility curves corresponding to the following three cases: (1) Risk-UE based fragility curves, (2) fragility curves based on the D I P A I D A and 3) fragility curves based on the new D I CC A damage index. The μ N k and β N k of the four normalized fragility curves are given in this table. The variances of the fits are also shown. Figure 11a shows the fragility curves corresponding to the case based on the new D I CC A damage states thresholds. The corresponding mean damage state function (MDS) is also shown in this figure. The Risk-UE based case has been shown above in Fig. 10 . Figure 11b compares the mean damage states functions, as defined in Eqs. (22) and (23) Fig. 11b . It can be seen how the Risk-UE based mean damage state function overestimates the damage beneath the Severe damage state and underestimates the expected damage above this damage state threshold. It is worth noting that beneath Severe damage state, Risk-UE damage model overestimates the expected damage because it takes into account that some damage occurs also in the linear branch of the capacity curve due to non-structural elements. Above this damage state, in later versions of the Risk-UE based damage models (see for instance Giovinazzi 2005; Lagomarsino and Giovinazzi 2006) , the damage states thresholds have been shifted to consider non-reparable damage. Otherwise, this disagreement can also be reduced by assigning other Park and Ang index values to the damage states thresholds. In the case here analyzed, the values of the Park and Ang indices corresponding to the Risk-UE damage states thresholds are 0.002, 0.1, 0.4 and 0.9, instead of 0.05, 0.2, 0.4 and 0.65, respectively for the Slight, Moderate, Severe and Complete damage states. As we will discuss later on, in our view, these expert opinion based decisions need further analyses and calibration.
Usefulness of the model
Due to improvements in computational capabilities the use of nonlinear time history analysis, is increasing so that it could be argued that the capacity spectrum method is less popular these days than it has been and, therefore, the usefulness of the models here proposed for the current earthquake engineering research or practice could be questioned. In this respect, Gencturk and Elnashai (2008) claim that notwithstanding that it is the most accurate method of earthquake assessment, inelastic dynamic analysis is not always feasible owing to the involved computational and modeling effort, convergence problems and complexity. This is one of the reasons why nonlinear static analysis is still preferred and new improvements are proposed (Fajfar et al. 2005a, b; Casarotti and Pinho 2007; Pinho et al. 2008 Pinho et al. , 2009 ). Moreover, nonlinear static procedures can be applied even to asymmetric 3D buildings (Chopra and Goel 2004; Bento 2011, 2013) . Therefore, the availability of a new mathematical model for capacity curves/spectra can be a powerful tool for current earthquake engineering research or practice. This is particularly true in probabilistic assessments of structures (Vargas-Alzate et al. 2013a, b, c, d) involving hundreds or even thousands of nonlinear structural analyses. In fact it is in the framework of such kind of analyses that the models here presented were conceived. Indeed the model permits to simulate, in a straightforward manner, any type of capacity spectrum allowing classifying great amounts of buildings to set up complete parametric definitions of building typology matrices as well as to tabulate critical points of capacity spectra to be used in massive computations. In fact, the model has been tested on a large collection of capacity curves, both actual and synthetic, with excellent results in all the cases, showing a great usefulness, versatility and robustness.
In the following several examples of the usefulness of the models are shown. The first one allows obtaining empirical functions linking the parameters of the capacity model to the maximum structural ductility; in this framework a new easy method to estimate the yielding point and indeed the maximum ductility is proposed. The second one allows examining how elastoplastic, hardening and softening capacity curves/spectra may share the same nonlinear part and indeed the same degradation, damage and fragility models. However, it also must be noted that, for a given seismic action defined by its 5 % damped response spectrum, the damage expected will be different because the spectral displacement of the performance point also depends on the other two parameters that define the full capacity model, namely the initial slope, m, or the fundamental period T , and the spectral acceleration, Au, at the ultimate capacity point and, therefore, the damage expected depends on the overall shape of the capacity spectrum. Finally two less usual cases concerning to buildings with singular capacity spectra are presented to show the ability of the model to deal also with these kinds of capacity spectra.
Yielding point and ductility
As stated in the Introduction, the bilinear form of a capacity spectrum is defined by the yielding point, (Dy, Ay), and the ultimate capacity point, (Du, Au). Remind that an important condition to be fulfilled is that the areas under the capacity spectrum and its bilinear form must be the same. In this subsection we show how Dy also can be obtained from the normalized nonlinear part of the capacity spectrum. Indeed, both the capacity spectrum and its bilinear form can be decomposed into their linear and nonlinear parts. Meanwhile, the linear part is the same for both curves and the nonlinear part of the bilinear form is a simple triangle, whose area should be equal to the area under the curve that defines the nonlinear part of the capacity spectrum. Let S C and S B be respectively the areas under the capacity spectrum and under its nonlinear part; in turn, let S C_L , S B_L , S C_N L and S B_N L be the respective areas of the linear and nonlinear parts. Given that the capacity spectrum, C, and its linear, C L , and nonlinear, C N L , parts meet the condition C N L = C − C L , the following equation is fulfilled: Taking into account that S C and S B must be equal and that the linear parts S C_L and S B_L are identical, the condition over the areas of Eq. (24) is reduced to S C_N L = S B_N L . Equations (24) also apply to curves normalized in both axes, given that normalized curves are obtained by dividing by the same constant of normalization in both sides of these equations. Moreover, calling Dy N the normalized spectral displacement of the yielding point, S B N_N L the area under the normalized nonlinear part of the bilinear spectrum and S C N_N L the area under the normalized nonlinear part of the capacity spectrum, it is verified that:
Thus, the yielding point of the bilinear capacity spectrum can be calculated easily using the following steps: (1) use Eq. (1), or Eq. (6) for the modeled curve, to calculate the normalized nonlinear part of the capacity spectrum; note that this step also implies normalizing abscissae and ordinates; (2) 
where q is the ductility factor. For the empirical capacity spectrum of Fig. 1 the same value Dy N = 0.599 is obtained when computed by means of the conventional technique and by means of the new method here proposed. If we use the model that fits this curve (parameters in Table 2 ), this value is 0.602. The values obtained by means of the classical and the new method match perfectly. Moreover, the differences between the values obtained for the actual and modeled spectrum are 0.5 %, showing the goodness of both the model and the new calculation method. Figure 12 illustrates the new simpler method to calculate Dy N . Figure 12a corresponds to the actual spectrum shown in Fig. 1 , whereas Fig. 12b shows the case of the modeled spectrum using the lognormal model with parameters μ = 0.608 and σ = 0.12 (Table 2 ). In Fig. 12 , the normalized nonlinear capacity spectrum and its bilinear form are shown. It can be seen the two areas to be equaled. Figures at the middle and bottom show the first and second derivatives, normalized, of the nonlinear part of the capacity spectrum. Circle 
Fig. 13
Ductility q as a function of the parameters μ and σ that define the model for capacity curves: a surface showing the three parameters; b iso-q curves; c iso-σ curves; d iso-μ curves marker in these figures show the position of the normalized yielding point Dy N . Note that Dy N is very close to the μ value, but not identical. In fact low σ values lead to Dy N similar to μ. As μ and σ increase the differences between Dy N and μ also increase. So, for instance, for μ = 0.608 and σ = 0.8, Dy N is equal to 0.354 and for μ = 0.85 and σ = 0.8, Dy N is equal to 0.4. Moreover, the simplicity of the model allows to establish an easy relationship between the lognormal distribution parameters, μ and σ , and the normalized yielding displacement, Dy N , or equivalently, between μ, σ and the ductility, q. Since the determination of Dy N requires a double integration of the lognormal probability density function, these relationships will be non-parametric. These non-parametric functions are plotted in Fig. 13 and tabulated in Table 7 for the maximum ductility factor q.
It is worth noting that, since we have shown that the ductility factor q, or Dy N , depends only on μ and σ , all the capacity spectra with the same model and the same Sd u , have the same Sd y , regardless of the parameters Sa u and m, and vice versa. This remark is important, given that it shows that all the capacity curves with the same model have the same degradation pattern, and indeed the same fragility curves.
To deepen this statement, different kinds of capacity spectra holding the same parametric model are shown in the following subsection. However, as argued above, we have to remind that, for a given seismic action, the performance point and therefore the damage expected, depends on the shape of the whole capacity spectrum. In structural analysis, these three cases are typified as stiffness degradation models, namely and respectively, softening (SO), elastoplastic (EP) and hardening (HA) models. Furthermore, m * is not an independent parameter, since it satisfies the following equation:
C is the value of the cumulative lognormal function with parameters μ and σ at x = 1, and D is the value of the integral of the cumulative lognormal function also at x = 1 but now scaled at Sd u . Thus, C and D are calculated directly, from μ, σ and Sd u . The other parameters of the Eq. (27) are known. Alternatively, m * may be considered as independent parameter and Sa u as dependent. Figure 14a shows the case for m constant and m * variable. Figure 14b shows the case for m variable and Sa u constant. In both cases the bilinear spectra are also shown. The patterns for SO, EP and HA models can be clearly seen in this figure. Table 8 shows the numerical values of the parameters involved. Note how the same function, defined by parameters μ and σ , may represent large families of capacity spectra, also with identical Sdy and Sdu values, and vice versa.
Special cases
The usefulness of the model for more complex capacity spectra is shown herein. The first case corresponds to a spectrum showing neither clear linear portion nor yielding point and exhibiting negative tangent stiffness (softening) after the post-peak response. These types of capacity spectra correspond to relatively low μ and, in particular, to high σ values. Figure 15 shows the case of μ = 0.3 and σ = 1; the other three parameters defining this capacity spectrum are Sd u = 10 cm, Sa u = 0.56 g and the initial tangent stiffness corresponds to a slope m = 0.25 g/cm. Concerning to the bilinear capacity spectrum, in these cases it is frequent to use a slope corresponding to an initial secant stiffness. Figure 15 shows the capacity spectrum together with its linear and nonlinear parts. Two bilinear spectra are also shown in this figure. The slope of the first branch of the first bilinear capacity spectrum corresponds to the tangent stiffness, while that of the second one is m = 0.20 g/cm that corresponds to a secant stiffness. As discussed above, these slopes can be also defined by the corresponding periods being 0.40 and 0.45 s respectively for the tangent and secant cases. Note that even when initial secant stiffness is preferred for the bilinear capacity spectrum, Eqs. (25) and (26) can be used to obtain the yielding point, but considering a kind of pseudonon-linear part obtained by considering the linear component with the secant stiffness chosen.
As it can be seen in Fig. 15 , this procedure leads to obtain negative nonlinear parts leading to negative areas which must be subtracted from positive contributions, so that different secant stiffness's lead to different S C N_N L areas and indeed to different normalized yielding displacements Dy N .
As it can be seen in Fig. 15 , the yielding points (Dy, Ay) are (2.40 cm, 0.61 g) and (3.27 cm, 0.66 g) respectively for the tangent and secant cases. All these curves can be seen in Fig. 15 as well as the first derivatives of the capacity spectrum and of the linear and nonlinear parts for the tangent and secant bilinear cases. However to fit the capacity curve, whichever model is preferred, lognormal or Beta, the use of the tangent initial stiffness corresponding to the fundamental period of the building is mandatory. Table 9 Table 9 Parameters of the piecewise capacity spectrum of Fig. 16 Piece No.
Parameters defining the four picewise funtionss The second special case corresponds to capacity spectra showing abrupt losses of strength that usually are caused by partial failures of structural elements of the buildings. These capacity spectra, common in the literature, can be defined by piecewise functions and, each part or piece may be fitted by using the parametric model here proposed. Then, as many as desired pieces can be joined properly to get the overall capacity spectrum. Obviously a mean model for the whole capacity spectrum can be also obtained. Figure 16 shows a synthetic typical case of this kind of capacity spectrum. Table 9 shows the parameters that define each piece-function. In this table Sdi, Sai, Sdu and Sau are the initial and final spectral displacements and accelerations of each piece function; m and m * are respectively the initial and final slopes of each piece of capacity spectrum, as defined above; μ and σ are the parameters of the lognormal model defining the corresponding nonlinear part of each piecefunction. The parameters of the fit of the overall capacity spectrum also are included in this table and the corresponding plot can be seen in Fig. 16 . However, it is not self-evident that it is possible to use, and how, stepwise functions.
Probabilistic capacity and damage models
The building of Fig. 5 is now used to deal with the problem from a probabilistic point of view (Vargas-Alzate et al. 2013b, c, d; Barbat et al. 2013 ). This way, the application of the capacity and damage models to more than one case can be shown and the uncertainties involved can be estimated as well. The concrete compressive strength, f c , and the steel yield strength, f y , have been modeled as normal random variables with respectively mean values and standard deviations of 30 and 1.5 Mpa for f c and 420 and 21 Mpa for f y . The same probability distributions were used by Vargas-Alzate et al. (2013b) . Then, one hundred of probabilistic capacity curves have been generated by means of Monte Carlo simulations. We refer to the capacity curve of Fig. 8 as deterministic curve. Figure 17 shows the capacity curves obtained. The median capacity curve, the median plus one standard deviation (SD) and the deterministic curves are also depicted. Figure 17 also shows the normalized nonlinear capacity curves (F NL N ).
Concerning to the damage model, the building corresponding to the deterministic capacity curve has been submitted to incremental dynamic analyses by using the 20 seismic actions described in Vargas-Alzate et al. (2013b) . These seismic actions were selected from the European strong motion database (Ambraseys et al. 2002 (Ambraseys et al. , 2008 in such a way that they were compatible with the EC8 1D spectrum shown in Fig. 7 . The characteristics of these 20 accelerograms are described in the appendix of Vargas-Alzate et al. (2013b) . The roof displacement, δ, and the Park and Ang damage index, DI PA IDA , have been obtained for each time history as functions of the PGA. PGA has been increased in the range between 0.01 and 0.9 g with 0.01 g increments. Figure 18 shows the δ(PGA) and the DI PA IDA (δ) functions obtained. The median values and the deterministic functions are also shown in this figure. Then the deterministic capacity curve has been used to determine the parameter α used to fit the Energy and Stiffness damage functions to the Park and Ang index according to the damage model explained above. Figure 19 shows the results obtained. In this figure Table 10 summarizes the statistics of the obtained results for the capacity and damage models. The five parameters that define the capacity model are shown. The fundamental period is also included. It can be seen how the uncertainties in the initial slope, m, and indeed in the fundamental period, T , are very small, less than 1 %;. Conversely the uncertainties in the ultimate base shear force, F u , and in the ultimate roof displacement, δ u , are significant, mainly in δ u where uncertainties of about 14 % are obtained. This high uncertainties are transferred to the parameters, μ and σ , controlling the normalized nonlinear capacity curve. It must be reminded that the construction of the normalized nonlinear capacity curve involves the use of δ u and F u in the normalization procedure. Uncertainties in the α parameter are slightly over 6 %. Note that the damage model is also highly influenced by the normalization of the roof displacement of DI PA IDA (δ) function by δ u .
These facts indicate the importance of the ultimate capacity point in the capacity and damage models here proposed. We have seen above that this ultimate capacity point is also crucial in the fragility models.
Summary and discussion
The separation of the linear and nonlinear components of the capacity curve has allowed focusing attention on the nonlinear component, which represents the progression of the degradation of the structure with increasing displacements. Because of its normalization in abscissae and ordinates, this Nonlinear Normalized Component (CNLN) is the same for capacity curves and for capacity spectra. The CNLN has been modeled by means of the cumulative integral of a cumulative lognormal function, being fully defined by two parameters μ and σ . The cumulative beta function with parameters λ and ν, also provides excellent fits. An important property of the model is that it is infinitely differentiable and it fits well at least the first two derivatives of the CNLN. Furthermore, the CNLN is independent of the fundamental period of the building and of the ultimate capacity point, so that a specific model is representative of a large family of capacity curves/spectra. Thus, any capacity curve/spectrum is defined by five independent parameters. These parameters are, in addition to μ and σ , the slope, m, of the linear part of the capacity curve, and the coordinates, Du and Au, of the ultimate capacity point. The slope at the ultimate capacity point, m * , can be estimated from these five parameters.
Concerning to expected damage, two new damage-related functions have been defined. The first one is associated to the relative variation of the secant stiffness; the second one is linked to the dissipated energy. The incremental nonlinear dynamic analysis, applied to a reinforced concrete building, has allowed observing how the Park and Ang damage index can be obtained directly by means of a linear combination of these two functions, being the contribution of the stiffness degradation about 80 % and the one due to energy losses, about 20 %, for the building studied herein. However, the partition coefficient between the contributions of the stiffness and energy functions may depend on the characteristics of the seismic action. For instance, a longer duration of the earthquake may increase the contribution to the damage of the function of energy.
Moreover, the relationship between the Park and Ang damage index and the observations of damage pointed out by and other authors has been used to define new damage states thresholds that, in our opinion, improve previous proposals. The acceptance of the hypothesis that the damage is distributed according a binomial distribution, allows constructing generalized fragility curves, which depend only on the parameters of the model; that is, μ and σ for the lognormal function. Thus, these fragility curves are representative for a broad family of capacity curves/spectra with different initial slopes and different ultimate capacity points. However, there are two critical issues in this simple formulation of the damage model and fragility curves: (i) the definition of the ultimate capacity point; (ii) the damage states thresholds, defined as the normalized displacements where the probability of exceedance of the damage state is 0.5. Suitable values have been taken here in order to show the potentiality of the use of the CNLN in assessments of seismic damage and risk.
The massive use of this model has allowed focusing attention on the CNLN and establishing new procedures to calculate, in a simple and straightforward way, the yielding point of the bilinear capacity spectrum and the expected damage. Concerning to the yielding point, its displacement, normalized by the displacement of the ultimate capacity point, is the inverse of the ductility factor, and, can be calculated, also in a very simple manner, starting from the area under the CNLN. Thus, this normalized displacement and, consequently, also the ductility, can be tabulated as an empirical function of μ and σ . Moreover, the bilinear capacity spectrum is a special case for μ equal to the normalized displacement of the yielding point and σ null.
The method has been tested on a large number of reinforced concrete buildings with different seismic actions, always with excellent results. More work, with different building types and different seismic actions, will establish better the variability of the contributions to damage of the stiffness degradation and energy functions, as well as, it will allow a better setting of the damage states thresholds of the new generalized fragility curves. Once these thresholds are determined, as our new generalized fragility curves only depend on the CNLN, the parameters of each fragility curve may be also tabulated as functions of μ and σ , likewise we have tabulated the ductility factor.
The availability of this new mathematical model for capacity curves/spectra can be a powerful tool for current earthquake engineering research. In particular, this model can be very useful in probabilistic approaches, as well as in seismic risk analyses at territorial scale since the simple modeling of the capacity curves/spectra may significantly reduce computation times.
To finish, permit us a brief digression. Fost (2007) quotes Frédéric Chopin: "Simplicity is the final achievement. After one has played a vast quantity of notes and more notes, it is simplicity that emerges as the crowning reward of art". The phrase "Simplicity is the ultimate sophistication" although it appears in the novel by Gaddis (1955) and was used by Apple as a slogan in 1984, is attributed to Leonardo Da Vinci (Granat 2003) . The Art relates to capturing beauty through simple strokes, Science to the search for simple models able to explain complex phenomena. The capacity spectrum method (CSM) achieves to pick up on the pushover curve, the structural response of buildings and structures of great complexity and is a shining example of this idea. The CNLN and its parametric model are also surprisingly simple but their potentiality may be significant.
